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Magnetic Field Probe of the No-Hair Theorem
Pierre Christian
Astronomy Department, Harvard University, 60 Garden St., Cambridge, MA 02138, ∗
We discuss the consequences of violating the no-hair theorem on magnetic fields surrounding a
black hole. This is achieved by parametrically deforming the Kerr spacetime and studying the
effects of such deformations on asymptotically uniform magnetic fields around the black hole. We
compute the deformed electromagnetic field for slow spins and small deformation parameter, and
show that the correction is of order the deformation parameter and mimics the angular structure of
a quadrupole.
I. INTRODUCTION
The no-hair theorem of General Relativity (GR) states that isolated, stationary black holes are described by only
three parameters: M , the mass of the black hole; J , the spin of the black hole; and Q, the charge of the black hole
[5, 11–13, 20]. In terms of the metric, this means that the most general black holes satisfying the no-hair theorem is
the Kerr-Newman metric describing a charged, rotating black hole. However, in typical astrophysical settings, charge
neutrality is expected. This reduces the metric to the Kerr metric describing an uncharged, rotating black hole, given
in Boyer-Lindquist coordinates (t, r, θ, φ) as
ds2 = −
(
1−
2Mr
Σ
)
dt2 −
4Mar sin2 θ
Σ
dtdφ+
Σ
∆
dr2 +Σdθ2 +
(
r2 + a2 +
2Ma2r sin2 θ
Σ
)
sin2 θdφ2 , (1)
where G = c = 1, a = J/M , Σ = r2 + a2 cos2 θ, ∆ = r2 − 2Mr+ a2, and we have taken the (−,+,+,+) as the metric
signature.
In the derivation of the no-hair theorem, it is necessary to assume that the black hole spacetime does not possess
either naked singularities or closed timelike curves outside of a horizon. Therefore, the detection of a black hole
which violates the no-hair theorem implies that either GR, the Cosmic Censorship Conjecture, or the Chronologic
Censorship Conjecture is invalid [14].
There has been multiple proposals in the past for testing the black hole no-hair theorem, with most of them focusing
on methods to observe the black hole quadrupole. For an uncharged black hole, the no-hair theorem demands that all
multipole moments of the black hole depend only onM and J . In particular, the dimensionless black hole quadrupole,
q is given by
q ≡
c4Q
G2M3
= −
[
cJ
GM2
]2
, (2)
where Q is the black hole’s quadrupole moment, and we have reintroduced the factors of c and G. Violations of
equation (2) causes astrophysical observables like the relativistically broadened iron lines [17], the shape of the black
hole shadow [15], and the Shapiro delay to be modified from their Kerr counterparts [6].
In this work we propose that the magnetic field structure around the black hole will also be modified by the presence
of a non-Kerr quadrupole. This change could in principle be detected by observational campaigns designed to probe
magnetic fields close to the black hole horizon [10]. Furthermore, this calculation is important for testing force-free
numerical computations.
In particular, we are interested in black holes immersed in an asymptotically uniform external magnetic field which
shares the same symmetries of the spacetime. The magnetic field is considered to be a test field that does not affect the
spacetime geometry, and is assumed to satisfy the source-free Maxwell’s equations. Examples where such a condition
is realized in an astrophysical setting is when a magnetar orbits a black hole within its light cylinder [7, 8] or for a
black hole immersed in tenuous plasma [19].
The main machinery of this work is a theorem by Wald [21] which states that in GR the behavior of electromagnetic
test fields around an asymptotically flat, axisymmetric, vacuum spacetimes is related to the spacetime Killing vectors.
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2While this theorem has been extended to a variety of non-GR gravitational theories [2–4], we will only need the GR
version here. The reason for this is twofold: first, we want to be agnostic towards the particular theoretical extension
of GR; and second, it is possible that even within GR the no-hair theorem is violated [18]. To this end we employ a
metric that parametrically deforms the Kerr spacetime, and compute the effects of the deformation parameter on the
test magnetic field. This approach was first attempted by [1] for the Johannsen-Psaltis (JP) metric [16]. However,
the JP metric is not Ricci flat [14, 16], rendering the Wald solution invalid.
The organization of this article is as follows: in §2 we discuss the quasi-Kerr (QK) metric, a parametric deformation
of the Kerr metric that we employ in our calculation; in §3 we review the Wald solution; in §4 we compute the
Wald solution for the QK metric in the Boyer-Lindquist like coordinates; in §5 we transform the solution to the Zero
Angular Momentum Observer (ZAMO) frame; and in §6 we provide some concluding remarks.
II. THE QUASI-KERR METRIC
The QK metric [9] is a parametric deformation of the Kerr metric given by
gµν = g
Kerr
µν + ǫhµν , (3)
where gKerrµν is the Kerr metric, ǫ a small parameter, and hµν is given by
htt = (1− 2M/r)−1
[
(1− 3 cos2 θ)F1(r)
]
,
hrr = (1− 2M/r)
[
(1− 3 cos2 θ)F1(r)
]
,
hθθ = −r−2
[
(1− 3 cos2 θ)F2(r)
]
,
hφφ = −(r sin θ)−2
[
(1− 3 cos2 θ)F2(r)
]
, (4)
where the coordinates (t, r, θ, φ) are Boyer-Lindquiest like, and the functions F1(r) and F2(r) are given in Appendix
A of [9] as
F1(r) =−
5(r −M)
8Mr(r − 2M)
(2M2 + 6Mr − 3r2)−
15r(r − 2M)
16M2
ln
(
r
r − 2M
)
, (5)
F2(r) =
5
8Mr
(2M2 − 3Mr − 3r2) +
15
16M2
(r2 − 2M2) ln
(
r
r − 2M
)
. (6)
The ǫ parameter of the QK metric modifies the quadrupole moment, Q, of the black hole into [14]
Q = −M(a2 + ǫM2) , (7)
where the a2 piece is the quadrupole moment of the standard Kerr black hole.
The QK metric is stationary and axisymmetric, admitting a timelike Killing vector ην and an axisymmetric Killing
vector ψν . Furthermore, it is asymptotically flat and satisfy the vacuum Einstein equation for low spins and small ǫ.
Indeed, neglecting terms of order O(a2), O(ǫa), and O(ǫ2), the metric is Ricci flat [14]. In this article we will work
exclusively in these regimes.
III. WALD MAGNETIC FIELD SOLUTION
If we immerse a black hole in an external magnetic field, the immense curvature of the spacetime modifies the
magnetic field close to the black hole. If the magnetic field is a test field (i.e. small enough to not disturb the
spacetime itself), it is required to satisfy the source-free Maxwell’s equations,
∇νF
µν = 0 , (8)
where Fµν is the electromagnetic tensor. Wald found that for a magnetic field that is asymptotically parallel to the
rotation axis of the black hole [21],
~B = B0zˆ , (9)
3at spatial infinity, where zˆ is the direction parallel to the black hole’s rotation axis, the solution of the source-free
Maxwell’s equations is given by
F =
1
2
B0 (dψ + 2adη) , (10)
where a is the spin of the black hole, while dψ and dη refers to the one-forms corresponding to the Killing vectors ψν
and ην , defined by
η ≡ ηνdx
ν , (11)
ψ ≡ ψνdx
ν . (12)
This solution is valid as long as the spacetime satisfies the vacuum Einstein equation (Ricci flat),
Rµν = 0 . (13)
As the QK metric is Ricci flat when the spin and deformation parameter are small, we can use this method to solve
the source-free Maxwell’s equations for QK black holes in these regimes.
IV. QK BLACK HOLE IMMERSED IN MAGNETIC FIELD
In the coordinates we are using, the Killing vectors of the QK black hole is identical to the usual Kerr Killing
vectors in Boyer-Lindquist coordinates,
ην =
∂
∂t
, (14)
ψν =
∂
∂φ
. (15)
Therefore, we can rewrite the Wald solution in terms of the metric components via the identifications
ην = gνt , (16)
ψν = gνφ . (17)
In particular, due to its dependence on dψ and dη, the electromagnetic tensor F will consist of terms proportional to
derivatives of the metric ∂αgµν .
Churning through these derivatives, we obtain the following components of F up to second order in the spin
parameter a:
Ftr = −B0
4aM(sin2 θ − 1)
r2
. (18)
Ftθ = B0
8aM cos θ sin θ
r
, (19)
Frφ = 2B0r sin
2 θ + ǫB0
5(M + r) [1 + 3 cos(2θ)]
[
2M
(
M2 − 6Mr + 3r2
)
− 3r
(
2M2 − 3Mr + r2
)
log
(
r
−2M+r
)]
sin2(θ)
8M2(2M − r)
(20)
Fθφ = 2B0r
2 sin θ cos θ + ǫB0
5r
[
2M
(
2M2 − 3Mr − 3r2
)
+ 3r
(
−2M2 + r2
)
log
(
r
−2M+r
)]
[2 sin(2θ)− 3 sin(4θ)]
32M2
(21)
Note that to order a2, the electric field is identical to the Kerr solution. This is because the electric field is generated
by the frame dragging of the magnetic field by the rotation of the black hole. Therefore, the electric field terms are
at least of order a. Higher order corrections to the electric field due to violations of the no-hair theorem is neglected
in our approximation. As a result, the Wald charge accumulated by a slowly spinning QK black hole is identical to
that of a Kerr black hole.
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FIG. 1: BθˆQK (solid) and BrˆQK (dashed) as a function of radius from the black hole for θ = π/4. Close to the black hole, the
corrections due to the quadrupole modification is of order ǫ.
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FIG. 2: The ratio of BθˆQK (solid) and B
rˆ
QK (dashed) to the Kerr solution as a function of radius from the black hole for θ = π/4.
Close to the black hole, the corrections due to the quadrupole modification can exceed that of the Kerr contribution.
V. FIELDS IN THE ZAMO FRAME
In order to obtain the electric and magnetic fields from F , a frame must be specified. To this end, we specify the
Zero Angular Momentum Observer (ZAMO) frame of the QK metric up to order ǫ:
etˆt =
√
1−
2M
r
+ ǫ
5
[
−1 + 3 cos2(θ)
] [
−2M(M − r)
(
2M2 + 6Mr − 3r2
)
+ 3r2(−2M + r)2 log
(
r
−2M+r
)]
32M2
√
1− 2Mr r
2
, (22)
5erˆr =
√
r
−2M + r
+ ǫ
5
[
−1 + 3 cos2(θ)
] [
2M(M − r)
[
2M2 + 6Mr − 3r2
)
− 3r2(−2M + r)2 log
(
r
−2M+r
)]
32M2(−2M + r)2
√
1 + 2M
−2M+r
, (23)
eθˆθ = r − ǫ
5
[
−1 + 3 cos2(θ)
] [
2M
(
2M2 − 3Mr − 3r2
)
+ 3r
(
−2M2 + r2
)
log
(
r
−2M+r
)]
32M2
, (24)
eφˆt =
2aM sin2 θ
r2
− ǫ
5a
[
−1 + 3 cos2(θ)
] [
2M
(
2M2 − 3Mr − 3r2
)
+ 3r
(
−2M2 + r2
)
log
(
r
−2M+r
)]
sin3 θ
16Mr3
. (25)
eφˆφ = r sin θ − ǫ
5
[
−1 + 3 cos2(θ)
] [
2M
(
2M2 − 3Mr − 3r2
)
+ 3r
(
−2M2 + r2
)
log
(
r
−2M+r
)]
sin θ
32M2
, (26)
where the hatted coordinates are that of the ZAMO frame, and all other components of eαˆβ is zero.
Projecting Fµν to the ZAMO frame, we obtain the following
Fµˆνˆ = F
Kerr
µˆνˆ + ǫF
QK
µˆνˆ , (27)
where the quasi-Kerr components FQKµˆνˆ are given by
FQK
rˆφˆ
= −BθˆQK = −
5B0
√
1
−2M+r [1 + 3 cos(2θ)] sin θ
16M2r3/2
[
2M(M − 3r)
(
5M2 + 3Mr − 3r2
)
+3r
(
−6M3 +M2r + 7Mr2 − 3r3
)
log
(
r
−2M + r
)]
, (28)
FQK
θˆφˆ
= BrˆQK =
15B0 cos θ sin
2 θ
[
2M
(
2M2 − 3Mr − 3r2
)
+ 3r
(
−2M2 + r2
)
log
(
r
−2M+r
)]
8M2r
, (29)
where BθˆQK and BrˆQK are the θˆ and rˆ components of the magnetic field three-vector in the ZAMO frame. We plotted
these components as a function of distance from the black hole in Figure 1 for θ = π/4. We also plot the ratio between
the QK components and the Kerr component in Figure 2 to show that there are points close to the black hole where
the QK components of the magnetic field become as large as that of the Kerr component. Note that this does not
invalidate our approximation of working in the limit where ǫ is a small parameter, as we do not impose that BQK is
small, but rather that ǫhµν is small compared to g
Kerr
µν .
In order to present our result in an invariant way, we calculate the electromagnetic invariant
I ≡
1
2
FµνFµν = B
2 − E2 , (30)
of the ǫ part of the solution as a function of angle and distance from the black hole and plotted them in Figure 3.
From the angular structure of I, the quadrupolar nature of the electromagnetic field is revealed.
VI. CONCLUSION
We computed the asymptotically uniform magnetic field solution for a black hole that is parametrically deformed
from Kerr spacetime using the Wald formalism. We showed that no-hair deformations of the spacetime generates
extra fields of strength ∼ ǫ that mimics the quadrupolar structure of the spacetime. Finally, we would like to note
that our solution can be transformed to that of an asymptotically uniform electric field by simply taking a Hodge
dual of Fµν .
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FIG. 3: The electromagnetic invariant I = 1
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− E2 as a function of distance from the black hole and angle for
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